P424 Assignment 5 SOLUTIONS

1) Fun with Dirac delta functions

The Dirac delta function is a convenient way to enforce constraints. Work through the
following simple example. The quantity x is distributed according to f(x) =1for0 <z < 1
and is elsewhere zero, and the quantity y is distributed according to g(y) =2y for 0 <y < 1
and is elsewhere zero. How is the quantity z = = + y distributed? You can determine this
by solving the equation

he) = [do (@) [dygly) sz~ (@ +y))

where the integrations are over all values of z and y and the delta function neatly enforces
the relation between z, y and z.

h(z) = [ dxf (x) [ dyg(»)d(z = (x + )

= [dxf(x)g(z-x)

= [dx()[2(z-x)], ifO<x<1 & 0<z-x<1

= max(0,z-1) < x <min(l,z).
If 0<z<1, then
h(z) = [ dx2(z-x) =220 -7 = 2%,
0

If 1<z <2, then

=2z7-27".

1
z-1

h(z) = fde(z —x) =2z - x>

z* forO<z<1

Thus, h(z)=42z-7"> forl<z<2.

0 otherwise



2) Consider the elastic scattering reaction A + B — A+ B in the lab frame (B initially at
rest) and assume that the initial energy E; of the incoming A particle satisfies Fy < mp
so that the recoil of the target can be neglected.

(a) Use the Golden Rule for scattering to show that the differential cross section is given
by
do IM?
dQ) N (87rm3)2

(b) Write down the lowest order diagram(s) for this scattering process in ABC' theory

(c) Calculate the decay amplitude using the Feynman rules for ABC' theory (express your
result using the Mandelstam variables s, ¢t and/or u as relevant).

(d) Combine the results from (a) and (c) to obtain the differential cross section (in the
limit 7 <« mp and assuming that m4 and m¢ are tiny compared to mp).

(e) Show that the total cross-section is

g4

O=7T""%
drmp

under the conditions stated in part (d).

SiM[* |

(a) For 2 — 2 scattering we showed in class that do = ! > | | 5 ‘li—f‘ in the c.m.
dQ  (8n)' (E, + E,)" |p|

frame. In the c.m. frame, since m, >> E,, the B particle is moving very slowly before

and after the collision, so the above expression is valid in the lab frame too. S=1,

I do M
E1<<mB=>E1+E2sz,and ‘pf‘z|pz| = d—Q=W
B
(b) The lowest-order diagrams are:
A, p1 A, p4 A, p1 B, p3
Cq
Cq
) pZ B’ p
s-channel B p: A, ps
t-channel

time



The “u-channel” diagram:

B, D4

B, D2

is the same as the t-channel (as the final state and initial state particles are both
different) so we don’t need to include it. (Some people used p; for the outgoing A and
thus said it is the u-channel, not the t-channel — this is purely a matter of convention and
doesn’t affect the final result.)

(c) For the s-channel, the amplitude is found from
4

d
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—zg (211) 64(q (p, + p,)). Taking s=(p, +p2) and removing the extra

(p, + pz)

2
delta function term, we get that the amplitude is g >

§—mg
For the t-channel, we obtain the same result with the substitution p, = -p; = s—t =
2 2 2
the t-channel amplitude is > - Thus the total amplitude is g >+ g >
t—mg s—mg t—mg

(d) In the limits E, << m, and m,,m. << m,, we have s=(p, + p,)* = (E, +m,)* =|p,[

2 2 2 2 2 = |2 2 2 2
=m,+my+2Emy; =my and s=(p, - p;)" =(E, —my) —|pl| =m, +my—-2Emy, =my,

2¢°m2  2g° M|’ 4
thus the total amplitude is approximately 8_2"3 = g . Thus do | | > = g2 >
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