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The Problem
A uniform thin rod of length l and mass m is suspended by two equal springs of equilibrium length b, force constant k and
negligible mass, as shown in the diagram. The points of attachment of the springs are separated by a distance L > l.

Find the normal modes of small oscillations in the plane containing the springs. Include gravity.

The Solution
The rod has three degrees of freedom, the horizontal (x) position of the center of mass, the vertical position of the center of
mass (y) and the tilt of the rod θ which we will measure from the horizontal in a counterclockwise direction.

Since everything is symmetric, we can take the equilibrium position of x and θ to be zero. We will measure the y-
coordinate from the plane that the springs are attached to.

Kinetic Energy

The kinetic energy of the rod is given by
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where .

Potential Energy

To get the potential energy we will need to calculate the position of the ends of the rods. The left end is given by

and the right end is given by

The length of the left spring is given by

The length of the right spring is given by

The potential energy is

Equilibrium Positions

By symmetry we have x0 = 0, θ0 = 0. We don't need to find the equilibrium value of y so let's take it to be y0.

Let's take the first derivatives of V to find any relationship between y0 and l0, the equilibrium length of the springs.

First we have

and



 

By symmetry we know that in equilibrium , so let's look at the equation for y,

so

We will write our perturbed solutions as

Calculating the matrices

To proceed we need to determine the matrices Tij,Vij. Both matrices are three-by-three because we have three degrees of
freedom. The kinetic energy matrix is pretty simple. We have

where we have the coordinates in the order x,y and θ.

The potential energy matrix is a bit less straightforward, we have in general

x-terms

It is crucial to keep organized. Let's do the x terms,



  

y-terms

θ terms

As we saw earlier many of the terms in θ derivatives vanish because sinθ = 0 in equilibrium, so let's try to avoid
calculating these terms.

Let's start with the first derivative. We have 

 

so



The Matrix

Let's put everything together and write out the matrix 

We can immediately see that the y-oscillations don't mix with the other coordinates so we have one eigenvector  with

the eigenvalue .

We are left with the following two-by-two matrix

Eigenvalues

The characteristic equation that we must solve to find the frequencies of the oscillations is

where 
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