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This report provides analytic calculations of angular and position-space dis-
tributions of the output flux from a diffused planar light source, one example
being a light source, such as a laser or LED, which is shone through a flat
sheet of translucent plastic. Both simple small-angle scattering calculations,
and more complex large-angle scattering formulae, are provided. Compar-
isons of these calculated analytic formulae with results from simple numerical
Monte Carlo simulations are additionally provided.



Contents

1 Initial Assumptions and Examples 1
1.1 The “succession-of-very-thin-layers” (SOVTL) approximation . 1
1.2 The “scattering centres” (SC) approximation . . . . . . . . .. 3

2 Calculations of Small-Angle Scattering Formulae 5
2.1 Three spatial dimensions . . . . . . ... ... ... ... ... )
2.2 Deviation from normal incidence angle . . . . . . ... .. .. 5
2.3 Calculation using non-projected “dy” rather than dy . . . . . D
2.4 Adding absorption . . . . ... ... L 5
2.5 Impact-parameter-dependent SC approximation scattering . . 5
2.6 Initial considerations for non-Gaussian scattering: the exam-

ple of Rayleigh scattering . . . . . . . . ... ... ... .... 5

3 Calculations of Large-Angle Scattering Formulae 6
3.1 Non-Gaussian scattering redux . . . . . .. ... .. ... ... 6
3.2 Usage of Bayes” Theorem . . . . . . .. ... ... ... .... 6
3.3 Large-angle scattering with absorption . . . . . .. .. .. .. 6

4 A Toy Monte Carlo Simulation and Its Results 7
4.1 Description of the Toy MC . . . . . . ... ... ... .. ... 7
4.2  Results with Gaussian scattering . . . . . .. ... ... ... 7
4.3 Results with Rayleigh scattering . . . . . . .. ... ... ... 7

5 Comparison of Analytic Calculation Formulae with Toy Monte
Carlo Results 8

A Some of the Necessary Input Formulae 9
A.1 A proof of the Bienaymé formula . . . . . ... ... ... .. 9

A.2 The moments and bivariate moments of Gaussian distributions 9
B A Brief List of the Important Results Found 10

References 11



1 Initial Assumptions and Examples

When performing analytical, and even numerical, calculations of photon scat-
tering and absorption in a medium, clearly a number of assumptions must be
made in order to develop a model and perform such calculations. In addition
to typical approximations we shall use at various points (but not universally,
we will carefully note each approximation we use in any given calculation) —
two examples being the small angle approximation, and an assumption that
scattering angles are Gaussian — we will extensively utilize two approximate
models for the optical behaviour of a sheet of diffusive material, which will be
denoted as the “succession-of-very-thin-layers” approximation and the “scat-
tering centres” approximation. These two approximate models are described
below, each with an example calculation utilizing the given model.

1.1 The “succession-of-very-thin-layers” (SOVTL)
approximation

We first consider diffusive photon scattering in the SOVTL approximation
as shown in Fig. 1.1 at the top of the following page.

Consider non-absorptive scattering in this approximation, where each of
the scattering angles, as described in the figure caption as having RMS equal
to gbRMS\/%, is additionally small (i.e.: ngRMS\/% < m/2) and is Gaussian-
distributed with mean 0. Let us calculate 1) the RMS size of the output
beam, i.e. the distribution of output positions of photons exiting the upper
surface of the scattering medium, and also 2) the distribution of output angles
of these same exiting photons.

The projected scattering distance dy from a given scatter from a layer at
position z must equal (s—z)[tan(Pg.+ds. ) —tan(Pg. )], which is approximately
equal to (s —x)[Pge + s — Psc] = (5— ) pse, since we are assuming all ¢, and
thus g, are small. Thus, if we consider the distribution of possible scattering
distances dy due to the scatter at x, the variance of that distribution var(dy)
must equal (s — x)?var(¢s.), since we are treating s and x as constants here.
We know (per the SOVTL approximation) that var(¢ps.) = gb%{MS%, and thus

var(dy) = (s — z)?var(gs.) = (s — x)QqS%{MS(%). We would like to calculate 1)



narrow beam
of photons

Figure 1.1: The “succession-of-very-thin-layers” (SOVTL) approximation to
photon scattering in a diffusive medium. Photons in the beam can scatter at
the location of each of the thin layers in the medium. We let the RMS angle of

scattering for each very thin layer of thickness do — with an example scatter

being given by ¢ above — be ¢rus %7

dependent parameters. The (signed) sum of all scattering angles prior to
¢sc is denoted as Pg.. The distance dy is the projected scattering distance
on the upper surface of the medium due only to the single scatter ¢g.. If
we are including absorption effects, we may also let the probability of non-
absorption in a given layer be e~%/7 where 7 is another material-dependent
parameter.

where ¢rvs and ty are material-

var(y), where y = > dy = 7= dy; as the square root of var(y) will be the

layers

RMS size of the output beam, and also 2) var( > ¢s). We have that var(y)

layers

= var[} dy] = var[[dy]. From the “Bienaymé formula” (see Appendix A
for a proof), we have that var[}_ ;] = 3 var(x;) for any set of uncorrelated

(s — x)%%{MS(%) =

= %ﬁss Thus, 1) the RMS size of

variables x;, thus var(y) = var[[dy] = [var(dy) =

C =

2 S
RMS
to

2 _ ¢2 1 3 S

[(s —a)de = = [~3s— 2]
the output beam = \/m must be the square root of this, i.e. %\/%3/2
To find 2), we use Bienaymé again and thus note that var( 3> ¢s) =

layers



=s . . . xr=s €T 2 =S
> var(u) = [5 var(gs). Thisis given by [755 ¢hys () = s 750 dy =

layers

2
¢Rt7hgss. Thus the standard deviation of the output angles is the square root
1‘,7()'
Formulae for angular and spatial output distributions for more complex
cases than the above in the SOVTL approximation will be calculated in

Chapters 2 and 3.

of thiS, i.€. g/)RMS

1.2 The “scattering centres” (SC) approxi-
mation

We next consider diffusive photon scattering in the SC approximation as
shown in Fig. 1.2 below:
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Figure 1.2: The scattering centres (SC) approximation to photon scattering.
Photons in the beam can scatter at the random location of each of the scat-
tering centres in the medium. We let the mean number of scattering centres
per unit area be n (with ns? > 1). Let the RMS angle of scattering for each
centre be ¢rys, and let the (circular) scattering cross-section of each centre
be ty. We initially consider scattering to be impact parameter independent
within the circular cross-section, and to have a Gaussian scattering angle
distribution.



Consider non-absorptive scattering as in the previous section, where each
of the scattering angles is small (i.e.: ¢prus < 7/2) and is Gaussian-distributed
with mean 0. We calculate (as above in the SOVTL approximation) 1) the
RMS size of the output beam, and 2) the distribution of output angles of the
same exiting photons.

The projected scattering distance dy from a given scatter from a centre at
position z is (as with SOVTL) approximately equal to (s —z)¢s.. Thus, if we
consider the distribution of possible scattering distances dy due to the scatter
at z, the variance of that distribution var(dy) must equal (s — z)?var(¢s.) =
(s — x)2¢%\s. Using Bienaymé here as well, we have that var(y) = var[>dy]

= Yvar(dy) = Y(s — 2)’dkys = f(s — 1)?¢}\s0idr, where §i represents
0

the number of centres hit (or the “chance of hitting a centre”) per the short

distance of travel dz. This quantity di will equal Udenethof t;zvenxmxn. The

length of travel will equal Cogésc, where & is the sum of all scattering angles
os for all scatters prior to the scatter under consideration. Thus we have

that 07 = CO:OEX:’; Using the small angle approximation, cos Y ¢s. ~ 1, thus
S

S 2 ns3
var(y) ~ E)l"(s — x)2Phystondr = ¢hyston {—%(s — :c)?’}o = msfto Thus,

1) the RMS size of the output beam = ¢rysy/ %

To find 2), we use Bienaymé again and thus note that var(} ¢s.) =
Yvar(se) = [;og var(se) = [i= Shusdide = dfyston [;=g dz = dfystons.
Thus the standard deviation of the output angles is the square root of this,

1.€. (/)RMS \ toTLS.



2 Calculations of Small-Angle Scat-
tering Formulae

2.1 Three spatial dimensions
2.2 Deviation from normal incidence angle

2.3 Calculation using non-projected “dy” rather
than dy

2.4 Adding absorption

2.5 Impact-parameter-dependent SC approx-
imation scattering

2.6 Initial considerations for non-Gaussian scat-
tering: the example of Rayleigh scatter-
ing



3 Calculations of Large-Angle Scat-
tering Formulae

3.1 Non-Gaussian scattering redux
3.2 Usage of Bayes’ Theorem

3.3 Large-angle scattering with absorption



4 A Toy Monte Carlo Simulation and
Its Results

4.1 Description of the Toy MC
4.2 Results with Gaussian scattering

4.3 Results with Rayleigh scattering



5 Comparison of Analytic Calculation
Formulae with Toy Monte Carlo Re-
sults



A Some of the Necessary Input For-
mulae

A.1 A proof of the Bienaymé formula

A.2 The moments and bivariate moments of
(Gaussian distributions



B A Brief List of the Important Re-
sults Found

10



Bibliography

[1] T. D. Lee and C. N. Yang, Phys. Rev. 104 (1956) 254.
[2] C.S. Wu et al., Phys. Rev. 105 (1957) 1413.

[3] J.H. Christensen, J.W. Cronin, V.L. Fitch, and R. Turlay, Phys. Rev.
Lett. 13 (1964) 138.

[4] M. Kobayashi and T. Maskawa, Prog. Th. Phys. 49 (1973) 652.

[5] V. Fitch, in Nobel Lectures (Physics) World Scientific, Singapore
(1991), lecture for 1980 prize.

[6] 1. 1. Bigi et al., in CP Violation, ed. C. Jarlskog, World Scientific, Sin-
gapore (1992).

[7] M. Gell-Mann and A. Pais, Phys. Rev. 97 (1955) 1387.

[8] M. Peskin and D. Schroeder, An Introduction to Quantum Field Theory
Addison-Wesley, New York (1995).

9] R. Aleksan, Quark Mixing and CP Violation, Proceedings of the
NATO-ASI Virgin Islands Summer School (1995).

[10] S. L. Glashow, J. Iliopoulis, and L. Maiani, Phys. Rev. D 2 (1970) 1285.
[11] A. D. Sakharov, ZhETF Pis. Red. 5,32 (1967); JETP Lett. 5, 24 (1967).

[12] V. A. Kuzmin, V. A. Rubakov and M. Shaposhnikov, Phys. Lett. D 155
(1985) 36.

[13] S. Adler, Phys. Rev. 117 (1969) 2426.

[14] J. Bell and R. Jackiw, Nuo. Cim. A 60 (1969) 47.
[15] G. 't Hooft, Phys. Rev. D 14 (1976) 3432.

[16] M.B. Gavela et al., Nucl. Phys. B 430 (1994) 345.

11



[17] The BABAR Collaboration, Nucl. Instr. and Methods A 479 (2002) 1.

[18] B. Aubert et al. (The BABAR Collaboration), hep-ex,/0203008, accepted
for publication in Phys. Rev. Lett. .

[19] Y. Grossman and M. Worah, Phys. Lett. B 395, 241 (1997),
R. Fleischer, Int. Jour. Mod. Phys. A 12, 2459 (1997)

[20] E. Lipeles, et al., Phys. Rev. D 62 (2000).
[21] G. C. Fox and S. Wolfram, Phys. Rev. Lett. 41, 1581 (1978).
[22] ARGUS Collaboration, H. Albrecht et al., Phys. Lett. B185, 218 (1987).

(23] P. H. Harrison and H. R. Quinn, eds. “The BABAR Physics Book”, SLAC-
R-504 (1998).

[24] Particle Data Group. D. E. Groom et al., “Review of Particle Physics”,
Eur. Phys. Jour. C 15, 1 (2000).

[25] C. Hearty, “Measurement of the Number of 7°(45) Mesons Produced in
Run 1 (B Counting)”, BABAR Analysis Document 134, (2001).

[26] BReco AWG, “Exclusive Reconstruction of Hadronic B Decays to Open
Charm”, BABAR Analysis Document 150, (2001).

[27] http://www.slac.stanford.edu/BFROOT/www/Physics/BaBarData/GoodRuns/dataSets.html

[28] http://www.slac.stanford.edu/BFROOT/www/Physics/Tools/BetaTools/MicroKilling.html

[29] private communication from Prof. Aaron Roodman

[30] E. Varnes “Measurement of the Tracking Efficiency Using 3+1 tau
Events”, BABAR Analysis Document 87, (2000).
http://babar-hn.slac.stanford.edu:5090/HyperNews/get/physAnal/1037.html
http://babar-hn.slac.stanford.edu:5090/HyperNews/get/physAnal/1024 .html
http://www.slac.stanford.edu/BFRO0OT/www/Physics/
TrackEfficTaskForce/Recipe/TrackingEfficiencies.html

[31] http://babar-hn.slac.stanford.edu:5090/HyperNews/get/physAnal/1042.html

[32] http://babar-hn.slac.stanford.edu:5090/HyperNews/get/physAnal/1028.html

12



[33] D. Kirkby et al. “A User’s Guide to the RooFitTools Fitting Package”,
BABAR Analysis Document 12 (2000).

[34] N. Gehrels, ApJ, 303, 336 (1986).

[35] K. Abe et al., Belle-Conf-0104 (2001).

[36] PDG 2000.

[37] B.A.D. 205 Supporting document for summer 2001 sin2beta analysis.

[38] B.A.D. 356 Supporting document for the Moriond, 2002 sin2beta anal-
ysis.

[39] B. Aubert et al. (The BABAR Collaboration), hep-ex,/0201020, accepted
for publication in Phys. Rev. D .

[40] R. Aleksan et al., Nucl. Phys. B 361 (1991) 141.
[41] R. Aleksan et al., Phys. Lett. B 317 (1993) 173.

[42] http://babar-hn.slac.stanford.edu:5090/HyperNews/get/sin2beta/198.html
(R. N. Cahn).

[43] J. D. Richman, Heavy-Quark Physics and CP violation (Les Houches
lectures) (1998).

[44] B.A.D. 125 Measurement of B® mixing using fully reconstructed
hadronic B° decays

[45] Defined as A ~ \/1 — (mps/mo)?xexp(k(1—(mgs/mo)?) for mps < my.
The default value of mg is 5.291 GeV.

[46] B.A.D. 56 (contact D. Wright) Analysis of B — J/i K?

[47) B.A.D. 119 (contact J. Beringer) B Tagging in BaBar: Status for the
sin2beta Journal Publication

(48] B.A.D. 102 (contact F.Martinez Vidal) The BaBar Vertexing

[49] B.A.D. 130 (contact F.Martinez Vidal) Performances and control sam-
ples of the BABAR vertexing

13



[50] B.A.D. 99 (contact O. Long) Measurement of sin2/3 with the decay mode
BY — Jjb K°

[51] B.A.D. 151 (S. Plaszczynski, L. Roos, M.H. Schune) Measurement of
the mistag fractions with counting methods

[52] J. Beringer, Changes in tagging and deltaT for events used for Osaka
results, sin2beta HN 192, January 19, 2001

(53] J. Beringer, Comparison with and Unblinding of the Osaka Subsample,
sin2beta meeting, January 22, 2001

[54] J. Beringer et al., Cut Based Tagging, BaBar Analysis Document 118,
Version 1, (2000)

[55] F. Porter, Interval Estimation Using the Likelihood Function.

[56] http://babar-hn.slac.stanford.edu:5090/HyperNews/get /physAnal/1023.html
(A. Gritsan).

[57] B.A.D. 153 (contact H. Lacker) Constraining the CKM Matrix
(58] B.A.D. 92 (contact G. Eigen) Inputs for the Unitarity Triangle Fits

[59] BaBar CKM Working Group,
http://babar-hn.slac.stanford. edu:5090/HyperNews/get/ckmfit/5.html

[60] D.N. Brown, E. Charles, and D. Roberts, “The BaBar Track Fitting
Algorithm” | submitted to the CHEP 2000 conference (Berkeley, Jan.
2000)

[61] F. Frithwirth, “Applications of Filter Method to the Reconstruction of
Tracks and Vertices in Events of Experimental High Energy Physics”,
HEPHY-PUB 516/88 (Vienna, Dec. 1988)

[62] R. Cousins et al., “Kalman Filter Track Fits and Track Breakpoint Anal-
ysis”, submitted to Nucl. Instr. Meth. (Geneva, Dec. 1999)

[63] G. Lynch et al., “BaBar Drift Chamber Tracking Conventions”, BaBar
Note 488, TNDC Note 99-95 (Stanford, Apr. 1999)

14



