
Standard Model Lagrangian Density

1. QCD (color SU(3))
The color SU(3) triplet of quarks

Ψ =

 ψ1

ψ2

ψ3

 =

 ψred

ψgreen

ψblue


Note that Ψ may be u, d, c, s, t, or b.
The eight SU(3) gauge fields = gluon fields

Aa
µ(x)

SU(n) gauge transformation

Ψ → Ψ′ = UΨ = exp (−iT aεa(x)) Ψ
Aa

µT
a → A′a

µT
a = Aa

µUT
aU−1 + 1

g
T a∂µε

a

For SU(3)

T a =
1

2
λa

[
1

2
λa,

1

2
λb
]

= ifabc 1

2
λc

where, λa (a = 1, 2, ..., 8) are Gell-Mann matrices, and fabc are the SU(3) group structure
constants.
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The QCD Lagrangian

L = Ψ̄(iγµDµ −m)Ψ− 1

4
F a

µνF
aµν

where
Dµ = ∂µ + igST

aAa
µ = ∂µ + igS

1
2
λaAa

µ

F a
µν = Aa

µν − gSf
abcAb

µA
c
ν

Aa
µν = ∂µA

a
ν − ∂νA

a
µ

Hence,
L = L0 + LA + Lint

whre
L0 = Ψ̄(iγµ∂µ −m)Ψ
LA = −1

4
F a

µνF
aµν

= −1
4
Aa

µνA
aµν + 1

2
gSf

abcAa
µνA

bµAcν − 1
4
g2

Sf
abcfarsAb

µA
c
νA

rµAsν

Lint = −gSΨ̄γµT aΨAa
µ = −gSΨ̄γµ 1

2
λaΨAa

µ

Conserved color current

jaµ
SU(3) = gSΨ̄γµT aΨ = gSΨ̄γµ 1

2
λaΨ

and color charge

Qa =
∫
dV ja0

SU(3)
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2. Electroweak (U(1)Y ⊗ SU(2)L): before symmetry hiding
The weak hypercharge U(1) singlets

neutrinos ν(x) ∈ {νe, νµ, µτ} (= νL(x) + νR(x))
charged leptons e(x) ∈ {e, µ, τ} (= eL(x) + eR(x))
up-type quarks u(x) ∈ {u, c, t} (= uL(x) + uR(x))
down-type quarks d(x) ∈ {d, s, b} (= dL(x) + dR(x))

The negative chiral weak isospin SU(2)L singlets

leptons lR(x) ∈ {νR(x), eR(x)}
quarks qR(x) ∈ {uR(x), dR(x)}

The negative chiral weak isospin SU(2)L doublets

leptons lL(x) =

(
νL(x)
eL(x)

)

quarks qL(x) =

(
uL(x)
dL(x)

)

complex scalar fields φ(x) =

(
φ+(x)
φ0(x)

)

and conjugate fields φ̂(x) = iσ2φ
∗ =

(
φ0∗(x)
−φ−(x)

)

The gauge fields
one U(1)Y gauge field : W 0

µ(x)
three SU(2)L gauge fields : W a

µ (x)

Electroweak U(1)Y ⊗ SU(2)L gauge transformation

U = U1 ⊗ U2

U1 = exp [−it0ε0(x)]

U2 =

{
exp [−iT aεa(x)] on SU(2)L doublet
I on SU(2)L singlet

and
l→ l′ = Ul, q → q′ = Uq

W 0
µ → W ′0

µ = W 0
µ + 1

g′∂µε
0(x)

T aW a
µ → T aW ′a

µ = UT aW a
µU

−1 + 1
g
∂µT

aεa(x)

For SU(2)

T a =
1

2
σa

[
1

2
σa,

1

2
σb
]

= iεabc 1

2
σc

where σa (a = 1, 2, 3) are Pauli matrices.
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The Electroweak Lagrangian before symmetry hiding

L = l̄Liγ
µDµlL +

∑
l l̄Riγ

µDµlR + q̄Liγ
µDµqL +

∑
q q̄Riγ

µDµqR
+ (Dµφ)† (Dµφ)− V(φ)− 1

4
Ga

µνG
aµν − 1

4
HµνH

µν + LYukawa

where

potential V(φ) = −µ2φ†φ+ λ
(
φ†φ

)2

Yukawa term LYukawa = ce
[
l̄LφeR + ēRφ

†lL
]
+ cν

[
l̄Lφ̂νR + ν̄Rφ̂

†lL
]

+cu
[
q̄Lφ̂uR + ūRφ̂

†qL
]
+ cd

[
q̄LφdR + d̄Rφ

†qL
]

and

Dµ =

{
∂µ + ig′t0W 0

µ for SU(2)L singlets
∂µ + ig′t0W 0

µ + igT aW a
µ for SU(2)L doublets

g′, g : real coupling constants
t0 : weak hypercharge
Hµν = ∂µW

0
ν − ∂νW

0
µ

Ga
µν = W a

µν − gεabcW b
µW

c
ν

W a
µν = ∂µW

a
ν − ∂νW

a
µ

After some manipulations

L = LD + LV + LS + LDV + LSV + LSD

Free Dirac spinor matter fields:

LD = ēiγµ∂µe+ ν̄iγµ∂µν + ūiγµ∂µu+ d̄iγµ∂µd

Pure gauge fields:

LV = −1

4
W a

µνW
aµν − 1

4
HµνH

µν + LV V V + LV V V V

where
LV V V = 1

2
gεabcW aµνW b

µW
c
ν

LV V V V = −1
4
g2εabcεarsW b

µW
c
νW

rµW sν

Interaction between matter fields and gauge fields:

LDV = LY + LT

where
LY = −W 0

µj
µ
Y = −W 0

µ

(
g′t0l̄γµl + g′t0q̄γµq

)
LT = −W a

µ j
aµ
T = −W 0

µ

(
gl̄Lγ

µT alL + gq̄Lγ
µT aqL

)
Interaction between scalar fields and gauge fields:

LSV = ig′t0(∂µφ)†φW 0µ − ig′t0φ†(∂µφ)W 0µ∗ + ig(∂µφ)†T aφW aµ − igφ†T a†(∂µφ)W aµ∗

+g2t02φ†φW 0∗
µ W 0µ + 1

4
g2φ†φW a∗

µ W aµ − g′gtoφ†T aφW 0∗
µ W aµ − g′gtoφ†T a†φW 0

µW
aµ∗

Interaction between scalar fields and matter fields:

LSD = LYukawa
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3. Electro (U(1)Q) and weak : after symmetry hiding
Spontaneous symmetry breaking: chosen equilibrium (vacuum) point

φ0 =

(
0
v√
2

)

where v2 = µ2/λ.
Scalar field in unitary gauge

φ(x) =
1√
2

(
0

v + σ(x)

)
, φ̂(x) =

1√
2

(
v + σ(x)

0

)

Re-arrangement of gauge fields:(
Aµ

Zµ

)
=

(
cos θW sin θW

− sin θW cos θW

)(
W 0

µ

W 3
µ

)

where θW is a real angle (Weinberg angle).

W±
µ =

1√
2

(
W 1

µ ∓ iW 2
µ

)
and T± = T 1 ± iT 2

and covariant derivative:

Dµ = ∂µ +
ig√
2

(
T+W+

µ + T−W−
µ

)
+ ieQAµ + ieQ′Zµ

where
electric charge matrix : Q = T 3 + t0

neutral charge matrix : Q′ = T 3 cot θW − t0 tan θW

Note that Q and Q′ are matrices in SU(2) space.

The Elecroweak (U(1)Q) Lagrangian

L = LD + LV + LH + LDV + LHD + LHV

Free Dirac spinor matter fields:

LD = ē [iγµ∂µ −Me] e+ ν̄ [iγµ∂µ −Mν ] ν
+ū [iγµ∂µ −Mu]u+ d̄ [iγµ∂µ −Md] d

where Me, Mν , Mu, and MD are mass matrices in family space.
Pure gauge fields:

LV = −1
4
FµνF

µν − 1
4
ZµνZ

µν + 1
2
M2

ZZµZ
µ

−1
2
W+

µνW
−µν +M2

WW
+
µ W

−µ

+LV V V + LV V V V
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where
Fµν = ∂µAν − ∂νAµ

Zµν = ∂µZν − ∂νZµ

W±
µν = ∂µW

±
ν − ∂νW

±
µ

and

LV V V = − ig
4

cos θW [2Zµν (W+µW−ν −W+νW−µ)

−W+
µν (ZµW−ν − ZνW−µ) +W−

µν (ZµW+ν − ZνW+µ)
]

− ig
4

sin θW [2Fµν (W+µW−ν −W+νW−µ)

−W+
µν (AµW−ν − AνW−µ) +W−

µν (AµW+ν − AνW+µ)
]

LV V V V = −g2

4
[(W+µW−ν −W+νW−µ) (W+µW−ν −W+νW−µ)

+2 cos2 θW

(
ZµW

+
ν − ZνW

+
µ

)
(ZµW−ν − ZνW−µ)

+2 sin2 θW

(
AµW

+
ν − AνW

+
µ

)
(AµW−ν − AνW−µ)

+2 sin θW cos θW

{(
ZµW

+
ν − ZνW

+
µ

)
(AµW−ν − AνW−µ)

+ (ZµW−ν − ZνW−µ)
(
AµW

+
ν − AνW

+
µ

)}]
Pure Higgs field:

LH =
1

2
(∂µσ) (∂µσ)− 1

2
M2

Hσ
2 − 1

2v
M2

Hσ
3
(
1 +

1

4v
σ
)

Interaction between matter fields and gauge fields:

LDV = Lem + Lneutral + Lcharged

Lem = −Aµj
µ
em = −Aµ

(
el̄γµQll + eq̄γµQqq

)
Lneutral = −Zµj

µ
neutral = −Zµ

(
el̄γµQ′

ll + eq̄γµQ′
qq
)

Lcharged = −W+
µ j

+µ
charged −W−

µ j
−µ
charged

= − e√
2 sin θW

W+
µ (ν̄Lγ

µV ′eL + ūLγ
µV dL)

= − e√
2 sin θW

W−
µ

(
ēLV

′†γµνL + d̄LV
†γµuL

)
where V and V ′ are the CKM matrix and the MNS matrix respectively.
Interaction between matter fields and Higgs field:

LHD = −1

v
σ
(
ēMee+ ν̄Mνν + ūMuu+ d̄Mdd

)
Interaction between Higgs field and gauge fields:

LHV =
(
M2

WW
+
µ W

−µ +
1

2
M2

ZZµZ
µ
)

2

v
σ
(
1 +

1

2v
σ
)
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