
Peskin and Schroeder: 3.1
(a) We are given the following commutation relation:

[Jµν , Jσρ] = i (gνσJµρ − gµσJνρ − gνρJµσ + gµρJνσ) (1)

As well, we are given the following relations:

Li =
1
2
εijkJ jk (2)

Ki = J0i (3)

Hence:

[Li, Lj ] =
1
4
[εiklJkl, εjmnJmn]

=
1
4
εiklεjmn[Jkl, Jmn]

=
i

4
εiklεjmn

(
glmJkn − gkmJ ln − glnJkm + gknJ lm

)
=

i

4

(
εiklεjmnglmJkn − εiklεjmngkmJ ln − εiklεjmnglnJkm + εiklεjmngknJ lm

)
For the second and last terms, interchange the roles of k and l

[Li, Lj ] =
i

4

(
εiklεjmnglmJkn − εilkεjmnglmJkn − εiklεjmnglnJkm + εilkεjmnglnJkm

)
=

i

4

(
εiklεjmnglmJkn + εiklεjmnglmJkn − εiklεjmnglnJkm − εiklεjmnglnJkm

)
For the third and last terms, interchange the roles of m and n.

[Li, Lj ] =
i

4

(
εiklεjmnglmJkn + εiklεjmnglmJkn − εiklεjnmglmJkn − εiklεjnmglmJkn

)
=

i

4

(
εiklεjmnglmJkn + εiklεjmnglmJkn + εiklεjmnglmJkn + εiklεjmnglmJkn

)
= iεiklεjmnglmJkn

= −iεiklεjlnJkn

= iεiklεjnlJkn

= i
(
δijδkn − δinδkj

)
Jkn

= i
(
δijJnn − J ji

)
= −iJ ji
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The next task is to write J ji in terms of Li and Lj

Li =
1
2
εijkJ jk

⇒ εilmLi =
1
2
εijkεilmJ jk

=
1
2

(
δjlδkm − δjmδkl

)
J jk

=
1
2

(
J lm − Jml

)
= J lm

⇒ εkjiLk = J ji

Hence we have:
[Li, Lj ] = −iεkjiLk = iεijkLk (4)

The commutation relation for K can be calculated also:

[Ki,Kj ] = [J0i, J0j ]
= i(gi0J0j − g00J ij − gijJ00 + g0jJ i0)
= −iJ ij

= −iεijkLk (5)

The commutation between L and K:

[Ki, Lj ] = [J0i,
1
2
εjklJkl]

=
i

2
εjkl

(
gikJ0l − gilJ0k

)
=

i

2

(
−εjilJ0l + εjkiJ0k

)
=

i

2

(
−εjikJ0k + εjkiJ0k

)
= iεijkKk (6)

With these relations derived, one can now determine the commutation rela-
tion between J+ and J− with ease:

[J i
+, J j

−] =
[
1
2

(
Li + iKi

)
,
1
2

(
Lj − iKj

)]
=

1
4

(
[Li, Lj ] + i[Ki, Lj ]− i[Li,Kj ] + [Ki,Kj ]

)
=

1
4

(
iεijkLk − εijkKk − εjikKk − iεijkLk

)
= 0 (7)
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[J i
+, J j

+] =
[
1
2

(
Li + iKi

)
,
1
2

(
Lj + iKj

)]
=

1
4

(
[Li, Lj ] + i[Ki, Lj ] + i[Li,Kj ]− [Ki,Kj ]

)
=

1
4

(
iεijkLk − εijkKk + εjikKk + iεijkLk

)
=

1
2

(
iεijkLk − εijkKk

)
= iεijkJk

+ (8)

Similarly,
[J i
−, J j

−] = iεijkJk
− (9)

(b) Rewrite K and L in terms of J+ and J−:

L = J+ + J− (10)

iK = J+ − J− (11)

Rewriting the transformation, we have

Φ → (1− iθ · (J+ + J−) + β · (J+ − J−))Φ
→ (1 + (β − iθ) · J+ + (−β − iθ) · J−) Φ (12)

The
(

1
2 , 0
)

representation transforms as:

Φ →
(

1 +
1
2
β · σ − i

2
θ · σ

)
Φ

which means that Φ transforms like a right-handed Weyl spinor as indicated
in (3.37) in Peskin and Schroeder.
Similarly, for

(
0, 1

2

)
representation, the transformation rule is:

Φ →
(

1− 1
2
β · σ − i

2
θ · σ

)
Φ

which is identical to the left-handed Weyl spinor transformation rule.
(c) The parameterization of the 2x2 matrix is given to be:(

V0 + V3 V1 − iV2

V1 + iV2 V0 − V3

)
= Vµσµ
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Now we apply the transformation as described:

Vµσµ →
(

1− iθ · σ

2
+ β · σ

2

)
Vµσµ

(
1 + iθ · σ

2
+ β · σ

2

)
→

(
1 + (β − iθ) · σ

2

)
Vµσµ

(
1 + (β + iθ) · σ

2

)
→ Vµσµ + (β − iθ) · σ

2
Vµσµ + Vµσµ (β + iθ) · σ

2
+ (β − iθ) · σ

2
Vµσµ (β + iθ) · σ

2

The last term is quadratic in the infinitessimal parameters, and hence should
be omitted to be consistent. (The above expansion is based on expanding
the exponential to the linear order)

⇒ Vµσµ → Vµσµ +
Vµ

2
(βi − iθi) σiσµ +

Vµ

2
(βi + iθi) σµσi

→ Vµσµ +
Vµβi

2

{
σi, σµ

}
− iVµθi

2

[
σi, σµ

]
→ Vµσµ +

V0βi

2

{
σi, I

}
+

Vjβi

2

{
σi, σj

}
− iV0θi

2

[
σi, I

]
− iVjθi

2

[
σi, σj

]
Recall that σiσj = δij + iεijkσk, then:{

σi, σj
}

= σiσj + σjσi

= δij + δji

= 2δij[
σi, σj

]
= σiσj − σjσi

= 2iεijkσk

And
[
σi, I

]
= 0 and

{
σi, I

}
= 2σi. Hence:

⇒ Vµσµ → Vµσµ + V0βiσ
i + Vjβiδ

ij + Vjθiε
ijkσk

→ Vµσµ + V0βiσ
i − Viβ

i + Vjθiε
ijkσk

Define antisymmetric tensor ωαβ such that ω0i = βi and ωij = εijkθ
k. Not-

ing that εijkVjθiσk = εkijViσjθk = εijkViσjθk, one can rewrite the above
transformation as:

Vµσµ → Vµσµ + V0ω0iσ
i − V iω0i + ωijV

iσj

→ Vµσµ + V0ω0µσµ + ωi0V
iσ0 + ωijV

iσj

→ Vµσµ + V0ω0µσµ + ωi0V
iσ0 + ωiµV iσµ − ωi0V

iσ0
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→ Vµσµ + V 0ω0µσµ + ωiµV iσµ

→ Vµσµ + ωνµV νσµ

→
(
δν
µ + ων

µ

)
Vνσ

µ

Claim that this is identical to what is given in 3.19 in Peskin and Schroeder.
Eq. 3.19 states that for a four-vector V µ, the transformation is as follows:

V α →
(

δα
β −

i

2
ωµν (J µν)α

β

)
V β

where (J µν)αβ is given as:

(J µν)αβ = i
(
δµ
αδν

β − δµ
βδν

α

)
The proof is as follows:

δα
β −

i

2
ωµν (J µν)α

β = δα
β +

ωµν

2

(
δµαδν

β − δµ
βδνα

)
= δα

β +
1
2

(ωα
β − ωβ

α)

= δα
β +

1
2

(ωα
β − gαγωβγ)

= δα
β +

1
2

(ωα
β + gαγωγβ)

= δα
β +

1
2

(ωα
β + ωα

β)

= δα
β + ωα

β
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