Soluiton to Problem 3.5 (a) The lagrangian is L = ∂_μϕ^∗∂^μϕ + χ^†iσ̄ · ∂χ + F^∗F (1) The variation of this Lagrangian is

δL = ∂_μδϕ^∗∂^μϕ + ∂_μϕ^∗∂^μδϕ + δχ^†iσ̄ · ∂χ + χ^†iσ̄ · ∂δχ + (δF^∗)F + F^∗δF (2) Here, as given δϕ = −iϵ^T σ^2χ δχ = ϵF + σ · ∂ϕσ^2ϵ^∗ δF = −iϵ^†σ̄ · ∂χ (3) Thus, using (αβ)^∗ = β^∗α^∗ for Grassman numbers δϕ^∗ = i(ϵ_a(σ^2)_{ab}χ_b)^∗ = iχ^∗_b (σ^2)^∗_{ab}ϵ^∗_a = iχ^∗_b (σ^2)^†_{ba}ϵ^∗_a = iχ^†σ^2ϵ^∗ δχ^† = ϵ^†F^∗ + ϵ^T σ^{2†}∂_μϕ^∗σ^{μ†} = ϵ^†F^∗ + ϵ^T σ^2∂_μϕ^∗σ^μ δF^∗ = i∂_μχ^†σ̄^{μ†}ϵ = i∂_μχ^†σ̄^μϵ (4)

Hence

δL = ∂_μ(iχ^†σ^2ϵ^∗)∂^μϕ + ∂_μϕ^∗∂^μ(−iϵ^T σ^2χ) + (ϵ^†F^∗ + ϵ^T σ^2∂_μϕ^∗σ^μ)iσ̄ · ∂χ +χ^†iσ̄ · ∂(ϵF + σ · ∂ϕσ^2ϵ^∗) + (i∂_μχ^†σ̄^μϵ)F + F^∗(−iϵ^†σ̄ · ∂χ) (5) As shown in Eq (4) of Solution 3.4 ∂_μAσ^μσ̄^ν ∂_ν B = ∂_μA∂^μB = ∂_μAσ̄^μσ^ν ∂_ν B (6) Hence

ϵ^T σ^2∂_μϕ^∗σ^μiσ̄^ν ∂_ν χ = ϵ^T σ^2∂_μϕ^∗i∂^μχ ∫ d^4xχ^†iσ̄^μ∂_μ(σ^ν ∂_ν ϕσ^2ϵ^∗) = ∫ d^4x∂_μ(χ^†iσ̄^μσ^ν ∂_ν ϕσ^2ϵ^∗) − ∫ d^4x∂_μχ^†iσ̄^μσ^ν ∂_ν ϕσ^2ϵ^∗ = − ∫ d^4x∂_μχ^†iσ̄^μσ^ν ∂_ν ϕσ^2ϵ^∗ = − ∫ d^4x∂_μχ^†i∂^μϕσ^2ϵ^∗ ∫ d^4xχ^†iσ̄^μϵ∂_μF = ∫ d^4x∂_μ(χ^†iσ̄^μϵF ) − ∫ d^4x∂_μχ^†iσ̄^μϵF = − ∫ d^4x∂_μχ^†iσ̄^μϵF (7)

Thus

δL = i∂_μχ^†σ^2ϵ^∗∂^μϕ + ∂_μϕ^∗(−i)ϵ^T σ^2∂^μχ + ϵ^T σ^2∂_μϕ^∗i∂^μχ − ∂_μχ^†i∂^μϕσ^2ϵ^∗ +F^∗ϵ^†iσ̄^μ∂_μχ − ∂_μχ^†iσ̄^μϵF + i∂_μχ^†σ̄^μϵF − iF^∗ϵ^†σ̄^μ∂_μχ = 0 (8)

(b) The additional part is

ΔL = mϕF + 1 2 imχ^T σ^2χ + c.c. (9) The variation of this is δ(ΔL) = mδϕF + mϕδF + 1 2 im(δχ^T σ^2χ + χ^T σ^2δχ) (10)

Here

δχ^T σ^2χ = δχ_a(σ^2)_{ab}χ_b = −χ_b(σ^2)_{ab}δχ_a = −χ_b(σ^{2T} )_{ba}δχ_a = χ_b(σ^2)_{ba}δχ_a = χ^T σ^2δχ (11) Thus

δ(ΔL) = m(−iϵ^T σ^2χ)F + mϕ(−iϵ^T σ̄^μ∂_μχ) + imχ^T σ^2(ϵF + σ^μ∂_μϕσ^2ϵ^∗) = −imϵ^T σ^2χF − imϕϵ^T σ̄^μ∂_μχ + imχ^T σ^2ϵF + imχ^T σ^2σ^μ∂_μϕσ^2ϵ^∗ (12) Here

χ^T σ^2ϵ = χ_a(σ^2)_{ab}ϵ_b = −ϵ_b(σ^2)_{ab}χ_a = −ϵ_b(σ^{2T} )_{ba}χ_a = ϵ_b(σ^2)_{ba}χ_a = ϵ^T σ^2χ (13) and imχ^T σ^2σ^μ∂_μϕσ^2ϵ^∗ = im∂_μϕχ^T σ^2σ^μσ^2ϵ^∗ = im∂_μϕχ^T σ^2σ^2σ̄^{μ∗}ϵ^∗ = im∂_μϕχ^T σ̄^{μ∗}ϵ^∗ = im∂_μϕχ_a(σ̄^{μ∗})_{ab}ϵ^∗_b = −im∂_μϕϵ^∗_b (σ̄^{μ∗})_{ab}χ_a = −im∂_μϕϵ^∗_b (σ̄^{μ†})_{ba}χ_a = −im∂_μϕϵ^†σ̄^{μ†}χ = −im∂_μϕϵ^†σ̄^μχ

(14)

and also − ∫ d^4xim∂_μϕϵ^†σ̄^μχ = − ∫ d^4xim∂_μ(ϕϵ^†σ̄^μχ+ ∫ d^4ximϕϵ^†σ̄^μ∂_μχ = ∫ d^4ximϕϵ^†σ̄^μ∂_μχ (15)

Threfore δ(ΔL) = −imϵ^T σ^2χF − imϕϵ^T σ̄^μ∂_μχ + imϵ^T σ^2χF + imϕϵ^T σ̄^μ∂_μχ = 0 (16) The full lagrangian is

L = ∂^μϕ∂_μϕ + χ^†iσ̄^μ∂_μχ + F^∗F + mϕF + 1 2 imχ^T σ^2χ + mϕ^∗F^∗ − 1 2 imχ^†σ^2χ^∗ (17)

Then, field equation (Euler-Lagrangian equation ∂_μ^{∂L}_{∂(∂μϕ)} −^{∂L}_{∂ϕ} = 0) is ∂L ∂F^∗ = F + mϕ

∗ = 0 ⇒ F = −mϕ^∗ ∂L ∂F = F^∗ + mϕ = 0 ⇒ F^∗ = −mϕ

(18)

Hence

L = ∂^μϕ∂_μϕ + χ^†iσ̄^μ∂_μχ + (−mϕ)(−mϕ^∗) +mϕ(−mϕ^∗) +^1_2 imχ^T σ^2χ + mϕ^∗(−mϕ) −^1_2 imχ^†σ^2χ^∗ = ∂^μϕ∂_μϕ − m^2ϕ^∗ϕ + χ^†iσ̄^μ∂_μχ +^{im}_2 (χ^T σ^2χ − χ^†σ^2χ^∗) = (complex K-G boson with mass m) + (Majorana fermion with mass m)

(19)

(c) The additional Lagramgian is

ΔL = F_i ∂W ∂ϕ_i + i 2 ∂^2W ∂ϕ_i∂ϕ_j χ^T_i σ^2χ_j (20)

The variation of this Lagrangian is

δ(ΔL) = δF_i ∂W ∂ϕ_i

+ F_i

∂^2W ∂ϕ_i∂ϕ_j δϕ_j + i

∂^2W ∂ϕ_i∂ϕ_j χ^T_i σ^2δχ_j + i 2 ∂^3W ∂ϕ_i∂ϕ_j ∂ϕ_k χ^T_i σ^2χ_j δϕ_k (21)

where we used δχ^T_i σ^2χ_j = χ^T_i σ^2δχ_j (22) Thus δ(ΔL) =^{∂W}_{∂ϕi} (−iϵ^†σ̄^μ∂_μχ_i) + F_i^{∂2W}_{∂ϕi∂ϕj} (−iϵ^T σ^2χ_j ) +i^{∂2W}_{∂ϕi∂ϕj} χ^T_i σ^2(ϵF_j + σ^μ∂_μϕ_jσ^2ϵ^∗) +^i_2^{∂3W}_{∂ϕi∂ϕj ∂ϕk} χ^T_i σ^2χ_j (−iϵ^T σ^2χ_k)

(23)

Here χ^T_i σ^2ϵ = ϵ^T σ^2χ_i (24) then, second ant third terms of δ(ΔL) cancel. And also

χ^T_i σ^2σ^μ∂_μϕ_jσ^2ϵ^∗ = χ^T_i σ^2σ^2σ̄^{μ∗}∂_μϕ_jϵ^∗ = χ^T_i σ̄^{μ∗}ϵ^∗∂_μϕ_j = −ϵ^†σ̄^μχ_i∂_μϕ_j (25)

then ∫ d^4xi^{∂2W}_{∂ϕi∂ϕj} χ^T_i σ^2σ^μ∂_μϕ_jσ^2ϵ^∗ = − ∫ d^4xi^{∂2W}_{∂ϕi∂ϕj} ϵ^†σ̄^μχ_i^{∂ϕj}_{∂xμ} = − ∫ d^4xi^{∂2W}_{∂ϕi∂xμ} ϵ^†σ̄^μχ_i = − ∫ d^4xi ( ∂_μ^{∂W}_{∂ϕi} ) ϵ^†σ̄^μχ_i = − ∫ d^4xi∂_μ

(_{∂W}

∂ϕ_i ϵ

†σ̄^μχ_i ) + ∫ d^4xi^{∂W}_{∂ϕi} ϵ^†σ̄^μ∂_μχ_i = ∫ d^4xi^{∂W}_{∂ϕi} ϵ^†σ̄^μ∂_μχ_i

(26)

Hence, the first and 4th terms cancell. Thus, we are left with

δ(ΔL) = i 2 ∂^3W ∂ϕ_i∂ϕ_j ∂ϕ_k χ^T_i σ^2χ_j(−iϵ^T σ^2χ_k) (27)

The^{∂3W}

∂ϕ_i∂ϕ_j ∂ϕ_k is aymmetric in (i, j, k). The rest is

F_{(i.j,k)} ≡ χ^T_i σ^2χ_j ϵ^T σ^2χ_k = −i(χ_{i1}χ_{j2} − χ_{i2}χ_{j1})i(ϵ_1χ_{k2} − ϵ_2χ_{k1}) = −ϵ_1χ_{i1}χ_{j2}χ_{k2} + ϵ_1χ_{i2}χ_{j1}χ_{k2} + ϵ_2χ_{i1}χ_{j2}χ_{k1} − ϵ_2χ_{i2}χ_{j1}χ_{k1}

(28)

If you exchange i and j

F_{(j,i,k)} = −ϵ_1χ_{j1}χ_{i2}χ_{k2} + ϵ_1χ_{j2}χ_{i1}χ_{k2} + ϵ_2χ_{j1}χ_{i2}χ_{k1} − ϵ_2χ_{j2}χ_{i1}χ_{k1} = +ϵ_1χ_{i2}χ_{j1}χ_{k2} − ϵ_1χ_{i1}χ_{j2}χ_{k2} − ϵ_2χ_{i2}χ_{j1}χ_{k1} + ϵ_2χ_{i1}χ_{j2}χ_{k1} = F_{(i,j,k)}

(29)

If you excahnge j and k

F_{(i,k,j)} = −ϵ_1χ_{i1}χ_{k2}χ_{j2} + ϵ_1χ_{i2}χ_{k1}χ_{j2} + ϵ_2χ_{i1}χ_{k2}χ_{j1} − ϵ_2χ_{i2}χ_{k1}χ_{j1} = +ϵ_1χ_{i1}χ_{j2}χ_{k2} − ϵ_1χ_{i2}χ_{j2}χ_{k1} − ϵ_2χ_{i1}χ_{j1}χ_{k2} + ϵ_2χ_{i2}χ_{j1}χ_{k1}

(30)

Huum... How can I proceed from here?

Thus, δ(ΔL) = 0. Then, δL = 0. This means the Lagrangian does not change under supersymmetry transformation. In other words, the Lagrangian is supersymmetric. For n = 1 and W =^1_3 gϕ^3, ∂W ∂ϕ = gϕ^2,

∂^2W ∂ϕ^2

= 2gϕ (31)

Thus

L = ∂_μϕ^∗∂^μϕ + χ^†iσ̄^μ∂_μχ + F^∗F + F gϕ^2 + igϕχ^T σ^2χ + F^∗gϕ^{∗2} − igϕ^∗χ^†σ^2χ^∗ (32) Euler-Lagrange equations of F and F^∗ give ∂L ∂F = 0 ⇒ F^∗ = −gϕ^2 ∂L ∂F^∗ = 0 ⇒ F = −gϕ

∗2 (33)

Hence L = ∂_μϕ^∗∂^μϕ + χ^†iσ̄^μ∂_μχ + (−gϕ^2)(−gϕ^{∗2}) +(−gϕ^{∗2})gϕ^2 + igϕχ^T σ^2χ + (−gϕ^2)gϕ^{∗2} − igϕ^∗χ^†σ^2χ^∗ = ∂_μϕ^∗∂^μϕ − g^2ϕ^{∗2}ϕ^2 + χ^†iσ̄^μ∂_μχ + ig(ϕχ^T σ^2χ − ϕ^∗χ^†σ^2χ^∗)

(34)

Euler-Lagrange equation of ϕ ∂_μ^{∂L}_{∂(∂μϕ)} −^{∂L}_{∂ϕ} = 0 ⇒ ∂_μ(∂^μϕ^∗) + 2g^2ϕ^{∗2}ϕ − igχ^T σ^2χ = 0 ⇒ ∂^2ϕ^∗ + 2g^2ϕϕ^{∗2} − igχ^T σ^2χ = 0

(35)

Euler-Lagrange equation of ϕ^∗ ∂_μ^{∂L}_{∂(∂μϕ∗)} −^{∂L}_{∂ϕ∗} = 0 ⇒ ∂_μ(∂^μϕ) + 2g^2ϕ^∗ϕ^2 + igχ^†σ^2χ^∗ = 0 ⇒ ∂^2ϕ + 2g^2ϕ^∗ϕ^2 + igχ^†σ^2χ^∗ = 0

(36)

The χ and χ^∗ related part of Lagrangin is L = χ^∗_ai(σ̄^μ)_{ab}∂_μχ_b + ig(ϕχ_a(σ^2)_{ab}χ_b − ϕ^∗χ^∗_a(σ^2)_{ab}χ^∗_b ) (37) The differentiation of Grassman numbers are tricky. ∂ ∂α_i

(α_1α_2) = −δ_{i1}α_2 + α_1δ_{i2} (38)

Thus, Euler-Lagrange equation of χ_c ∂_μ^{∂L}_{∂(∂μχc)} −^{∂L}_{∂χc} = 0 ⇒ ∂_μ(χ^∗_ai(σ̄^μ)_{ac}) − ig(−ϕ(σ^2)_{cb}χ_b + ϕχ_a(σ^2)_{ac}) = 0 ⇒ ∂_μχ^∗_ai(σ̄^μ)_{ac} − ig(−ϕχ_b(σ^2)_{cb} + ϕχ_a(σ^2)_{ac}) = 0 ⇒ ∂_μχ^∗_ai(σ̄^μ)_{ac} − ig(−ϕχ_b(σ^{2T} )_{bc} + ϕχ_a(σ^2)_{ac}) = 0 ∂_μχ^∗_ai(σ̄^μ)_{ac} − ig(ϕχ_b(σ^2)_{bc} + ϕχ_a(σ^2)_{ac}) = 0 ⇒ ∂_μχ^∗_ai(σ̄^μ)_{ac} − 2igϕχ_a(σ^2)_{ac} = 0 ⇒ i∂_μχ^†σ̄^μ − 2igϕχ^T σ^2 = 0

(39)

Similarly for χ^∗ 0 − iσ̄^μ∂_μχ + 2igϕ^∗σ^2χ^∗ = 0 ⇒ iσ̄^μ∂_μχ − 2igϕ^∗σ^2χ^∗ = 0

(40)