Peskin and Schroeder: 3.7
(a) Compute the transformation properties under P, C, and T of the anti-
symmetric tensor fermion bilinears, YoV, with o™ = 5 [y*,+"].
Solution:
Applying the symmetry operators P,C, and T individually, but keeping in
mind that square of each operator is the identity operator.
Pyt yP = PyYPPo" )P
= nn ot PYP
= 0 o nay

= %%0 [y, 7] 7%

Consider the various different cases:

Case (1): when p or v = 0 (they cannot both be zero, or the expression
will vanish). Then when we try to move 7" around the commutator, one
minus sign will be introduced (because the v will commute with the 4% in
the 4”~4#* while anticommute with the other).

PyotppP = —%”@ [, 719
= —gotp

Case (2): when neither p nor v is zero. Then two minus signs will be
introduced as the 4° is moved around the commutator:

Pypot P = potq

In short:

PyotypP = (1) (—1)" $po'"4)

Next for T.
TyotyT = TYTTo* T
_ _tor 13 .
= Qw( Y'9*) T [y, 7] 4T

= —%JJ (—7173) ()", (7)) (7173) P



Again, split into two cases:
Case (1): Either p or v is 2 (can’t be both 2), while the other is 0. Then:

(Y, (V)] = = v,

Furthermore, each of y! and v3 will anticommute with the v matrices in the
commutator, introducing four minus signs in total. Hence:

Tt yT = %i[v“,v”] (=7'7°) (+1%) v

SO0 (v ) v
= Yoy

Case (2): One of p and v is 2, while the other is 1 or 3. Then:
()", ()T == D[

Moreover, either one of ¥' or 43 is going to commute with one of the 7
matrices in the commutator, and so will only introduce one less minus sign
as before (therefore contributing three minus signs in total). As a result:

Tpot"yT = —%@ 1 (=71 (+19%) v
= —%ﬁ 2] (V)
= —goy

Case (3): Neither one of p or v is 2, and only one of y and v is 1 or 3. Then:
()7 ()T = 1" 7"]

As we “push” the v'42 matrices from the left to the right of the commutator,
we will introduce three minus signs in total. Therefore:

TpotyT = %@Wﬂ’y”] (=7*) (v4°) ¢
= %ﬂ[v“m”] (V4% ¢
= Yoy



Case (4): ¢ =1 and v = 3 or vice versa. Their complex conjugates (NOT
Hermitian conjugates) will then be themselves since the two  matrices are
real.

Again, bring 4! and 43 to the right of the commutator. Each of these two
will commute with exactly one of the matrices in the commutator, so at the
end only two minus signs will be introduced. The end result is thus:

To YT = pot” e

In short:

Tpo"yT = — (=1)* (=1)" o™y

Last but not least, C:
CpotpC = CypCCot4pC
= (=) o™ (=) (57%7)
= - (vovzw)Ta“” (1/37072)T
Follow the advice from the textbook, we’ll write this expression in indices:

1% _ 0.2 py (5 0.2
CyopC = ('y g ¢)a0ab (W g )b
i 0 .2 0 2
= _ip)/ac’)/cdqv/}d (756,72’1) - Vayep)/gb) Qpf’-yfgﬁygb
7 —
= ¥ YacVea (Voeeh = VaeVed) Vig Vot
i
= 5P Ye (et — YaeVeh) VacVeata
7 —
= U Yar (Vb Vhe = Ve Vee) YacVeatd

(The third equality has a minus sign introduced due to anticomutativity of
fermions). We consider the following different cases separately:
Case (1): p =0 and v = 2 or vice versa. Then:

And the same applies to . Hence:
7 b0 2 0.2
OQ;Z)O-'LW¢C = §¢f7fg’7gb (7117/675a - ’Y;;Le’yga) rYac’Yded
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17 -
= 51/}7072 v, 717
i I v
= 30" 1Y

Bringing the first 7992 will introduce two minus signs from anticomutative
properties of the v matrices.

CpatpC = —=P[y*, 717" 7*

| =

0.2.2

=+ [, 7170 Py

[N

= —%ﬂ [V, 4"
= —poey

Case (2): p =1 and v = 3 or vice versa. Then the v matrices in the com-
mutator will be antisymmetric. The two minus signs introduced by taking
the transpose of the v matrices will then be cancelled, so up to this step the
results are identical to what is given in Case (1).

The next place where minus signs can be introduced is when one tries to
bring the 492 around the commutator. Each of 4% and 42 will anticommute
with both v* and ~¥, introducing four minus signs in total. Again, the sign
is then the same as that in Case (1).

Case (3): Neither of the above (that is one of p or v is 0 or 2, while the
other is 1 or 3). Then one of the v matrices in the commutator will be
antisymmetric, and when we take the transpose, one minus signs will be
introduced.

However, when one tries to bring the 7°y? around the commutator, one of
which will anticommute with only one of v#~", while the other anticommute
with both of them. Therefore here three minus signs will be introduced.
As a consequence, four minus signs in total will be introduced, and hence
the sign here is also the same as that given in Case (1).

In short:

Cpat’YC = —pat)



(b) Let ¢ (x) be a complez-valued Klein-Gordon field. Find unitary op-
erators P, C and an antiunitary operator T (all in terms of their action on
the annihilation operators a, and by, for the Klein-Gordon particles and an-
tiparticles) that give the following transformation of the Klein-Gordon field:

P¢(t7X)P = gf)(t,—X);
To(t,x)T = o¢(—t,x);
Co(t,x)C = ¢ (t,x);

Find the transformation properties of the components of the current
I =i (50— 0'6")
under P, C and T.

Recall that the field operator ¢ can be written in terms of the creation and
annihilation operators (there are two sets of such operators because the field
is complex):

3 .
¢ (x) = / (%3 21% (ap + bl ) e

We're given that:
Po(x,t) P = ¢(—x,1)
d3p 1 T ; I d3p 1 ; -7
Y - p b PeiPut _ /77 bT ipuT
- / @) oy (ap+01p) Pe @) \/2om (ap+00p) e

(where " = (t, —x)).

If we change p# to p*, where p* = (p¥, —p), we discover that z#p, = i#p,,.
To change from p* to p*, we merely need to make a change of variable from
p to -p, the rest remains the same for the RHS. Hence:

/ d’p ;P (ap + bip) PelPut” = / ddip; (afp + b;r,) ePutt

(@r)? \/2op (@2r)? \/2op

So the transformation rules for P are Pap,P = a_p and Pbp P = b_,.
Now for the transformation rule for T. We’re given this time that:

To(x, )T = ¢(x,—t)

Bp 1 P\ ipuat d’p 1 ) —ipai
= /(27‘_)3\/%11 (ap + b—p) err T = / 277)3 o (ap + b_p) e K
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The rest will be very similar to the case where we calculate the transforma-
tion of the creation and annihilation operators under P. Hence the trans-
formation rules for T are T'apT = a_p and TbyT = b_p. This is expected
because the creation and annihilation operators are independent from spa-
tial coordinates. While P flips the direction for both the momentum and
space, T flips only the direction of momentum, which is the same thing for
the creation and annihilation operators.

However, one important difference between P and T is that P is a unitary
operator whereas T is an antiunitary operator.

Last but not least, the C operator:

Co(x,t)C = o (x,t)

d3p 1 T ipuah dgp 1 1 ipuh
é/me(ap‘i‘b_p)e H C = /(27‘_)3\/% (bp+a_p)€ H

At this point, we can compare both sides and conclude that the transforma-
tion rule is CapC = bp and CbpC = ap.
For the transformation of the charge current:

PJtP = iP(¢"0*¢p — 0" op*¢) P
= i(¢" (t, —x) 0" (t, —x) — 09" (t, —x) ¢ (£, —x))
(=D)"i(¢"0"p — 0"d"¢)
where we employ the shorthand as in the textbook: (—1)" = —1ifu=1,2,3
and 1 if otherwise.
For T, since it is antiunitary, pushing it through the “i” at the beginning
would introduce a minus sign:
TIJFT = —iT(¢p*0M¢p — 09 p)T
= — (¢* (_tv X) 6M¢ (_ta X) - 6M¢* (_tv X) ¢ (_tv X))
= (-1)"i(¢"0"¢ — 0"¢"9)
Last but not least, for C:

CIJC = iC(70"p — 04 ¢) C
= i(pdle" — 0'pg*)
= —Jr

With CPT combined, J* turns out to be odd.



(¢c) Show that any Hermitian Lorentz-scalar local operator built from
Y(x), ¢(x) and their conjugates has CPT = +1.



