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Since the action is dimensionless, [S] = M°,

a) Find the dimension of the Klein-Gordon field. That is, [¢] = M", find n.
b) Find the dimension of the Dirac field. That is, [y] = M", find n.

c) Find the dimension of the Maxwell field. That is, [A*] = M", find n.

From the Lagrangian density % = (ﬁucp) (8“([)) —m’Q’Q
obtain the Klein-Gordon equation (|:1+m2 )(p =0 and (l:|+m2 )(p* =0

From the Lagrangian density %, =y [iy“@M — m]\y
obtain the Dirac equation (iy”@H — m)\y =0 and i0,yy" +my =0

From the Lagrangian density % =—-+F"'F_ — j*A

obtain Maxwell’s equations auF”V =]

From the information given in the notes, obtain the result quoted on page 117 of the notes, U(1)
Gauge Invariance, Higgs Model,

7=3(0,0)(@0)-wo 1 (o)) @) KA rav{on) &

and obtain %

.« and verify that in the unitary gauge it gives the results quoted on page 119.
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Consider the local U(1) transformation ¢ — ¢’ =exp (—iKS(X))(p

where ¢(X) is a real function, and « is a real constant. Defining the covariant derivative and its U(1)
transformation with D = a + qu,A11

DH(p —> D¢’ = exp( IKS( )) Do

D, =0, +iqiA,

obtain the local transformation of the gauge field A .

Let # be a Lagrangian density that includes the complex scalar doublet ¢ with associated mass mg

1
Q= ((Plj , the Dirac doublet y with associated mass m, y = (sz
) v
and that is invariant under Poincaré transformations and under local SU(2) gauge transformations.

Let # be of the form L =L+ L+ L\ +PLp, p+Ps.a

where the terms are, respectively, pure Dirac field, pure scalar field, pure gauge field, Dirac and
gauge fields interaction, and scalar and gauge fields interaction.

a) Give an expression for # and for each of the 5 terms above.
b) Give the gauge transformation law for each field.

c) Note that there is no term Z,,. Are any of the following terms valid? Explain why.
C.1) YO, ¥ + Y,y
c.2) Yoy’ +yoy’
— t
c3) VO+Oo vy
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Consider the pure SU(n) gauge field Lagrangian density
v bc Ab
D@A:_%Fuilzau Fua\l/:'bfllv_gfaCAJA\f A.?v:aup\?_avAf
which is invariant under the SU(n) gauge transformation
AT S ASTE UAT U +10,6°T°
FaTa Sa(X) FraTa:UFaTaU—l
nv 1A% uv
U =exp (—iea (X)T a)
[Ta,Tb] _if abc-l-c
a) Use the Euler-Lagrange equations to show that the equations of motion of the fields A 2 are

given by aHFaw . gf abcAtl)Fcuv ~0

b) We have seen that the gauge current j,@ can be obtained from GuFa“V = jy d,ja =0
i i sav bc Ab v
This yields ja = gf ® CA—' [ CH
Obtain this current, up to a multiplicative factor, by using Noether’s theorem for the invariance of
#, under the global SU(n) transformation
AT — AT =UATU
U =exp (—iz—:aT a )
[Ta,Tb] _if abc-l-c
where the &2 are real constants.
Hint: first find 8A 2 for the infinitesimal &* and then apply Noether’s theorem.
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