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W Chirality

The chirality of a fermionic matter field y is defined as the eigenvalue of
v°. There are two possible eigenvalues

+1 = positive chirality
—1 = negative chirality

The chirality of the corresponding adjoint spinor field Y = \Il ’Y
IS the same by definition.

Spinor space can be divided in the corresponding two chiral subspaces
by the use of the following projection operators

P = l(1 + ys) positive chirality
P

%(1 Y ) negative chirality
=1

P =l PRPL=PLPR=O
PRZ_PR PLZZPL

v
N

Indeed, using (y

we obtain P,

_I_
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Hm Chirality
)
Alsousing  y%yy° = —(75) =—y°  and (yo )2 = |

we obtain pT P, pLT =P
Py’ —voP Py’ =v"Ry
Hence we write y Ve = Wg \VRV _\VR

YVL=SVe o W=
Y TVY =V Vr TV, =V

where v =Ry vy, =yPk = ( R) 7 (\TI)R + chirality
VY, = PL\V \TJL — ‘T]PR = (\IJL) % (\|_!)L — chirality
we note the important result, using [y“,y5]+ =0

Yy = \T/L\VR + \TIR\VL
WYty =y vty gy yg
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Hm Chirality

The subscripts R and L are used because, in the limit of massless Dirac
fields, we have

helicity = chirality for massless Dirac spinors
+1 chirality = Right handed helicity
—1 chirality = Left handed helicity

helicity = —chirality for massless Dirac adjoint spinors

+1 chirality = Left handed helicity
—1 chirality = Right handed helicity
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B U1 x SU2),

We now construct a Lagrangian density that is invariant under a U(1) x
SU(2), gauge transformation, which features only one massless neutral
gauge field. We only treat one family of leptons, namely the neutrino and
the electron. We adopt the following notations:
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H U(1) x SU(2),
Consider the Lagrangian density, assuming that neutrinos are Dirac
particles,

7 =v(iy*o, -m, Jv+e(iy"d, —m,)e
— I—LiyuaulL T ZEiYMaMIR —m, (VLVR + VRV'— ) — Mg (gl-eR T §Re|‘)

|
In order to obtain the electroweak Lagrangian density, we wish to impose
to the lepton fields a gauge invariance for each one of the two forces. We

therefore try U r_ U ro_
|, —Y sl =Ul, I, —U 1. =UI
where
U=U,®U,
__ 400 0 . .
U1 = exp[—lt e (X):| {~ is the weak hypercharge of doublets or singlets

Uz _ exp[—iTasa (X):| on SU(Z)L doublets T° = %Ga
| on SU(Z)L singlets

We immediately see that the mass terms are not gauge invariant.
Therefore the lepton masses must be generated by a spontaneous
symmetry hiding of SU(2), Furthermore, the SU(2), gauge fields must be

massive, given the short range of the weak force.

PHYS506B, spring 2005 Introduction to Gauge Theories 157



H U(1) x SU(2),
We introduce a doublet of complex scalar fields, and its conjugate
¢’ o *
~ - * — +
@E( oj ¢ =i0,0 =[ j o =(¢")
¢ —P
and the potential 5t Y
7(9)=-1o'o+ (¢ p) A >0
In order to generate the lepton masses after symmetry hiding, we
iIntroduce the following Yukawa coupling terms

Prvukawa = Ce [E(PeR T §R(pTIL:| |:IL(PV + V'l }

where c, and c, are real constants. Note that these terms are Lorentz
scalars, and are invariant under the U(1) x SU(2), gauge transformations

| —Y 1 =Ul, l, —Y 1, =Ul,
¢——¢'=Uo ¢——¢'=U0o
! () =t"(o)+t"(eg) =t (9) +t°(vg)
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H U(1) x SU(2),

Members of a given weak isospin doublet have the same hypercharge.
Given that g(v) = 0 and q(e) = -1, and noting that

q(v)-a(e)=t"(v.)-t"(e ) =1

then we must have Q = T3 + at® where Q is the electric charge matrix (for
SU(2), doublets) or number (for SU(2), singlets) in units of e. We find

£ (vq) =0
d(e)=1 =q(¢)=-1
q(¢°)=0 =dq(e™ =¢°)=0

The value of a is conventional. We choose it to be 1. This now fixes all
the t9's.

& hence the notation

J
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H U(1) x SU(2),
We can therefore attempt the following Lagrangian density

2 =1iy'DJ + Y kiv'D ) +(D,0) (D)7 (o)
I

_leapcauw 1 uv
where 4 GMVG 4 H [ThY, H T $Yukawa

o, +igtW " +igT*W?  for SU(2), doublets
- 0, + ig"[O\Nlu0 for SU(2), singlets
g’ and g are real coupling constants

t° is the weak hypercharge
WMO (X) IS the gauge field associated to the U(1) gauge

WMa (X) are the gauge fields associated to the SU(2), gauge
_ 0 0
H,=0W; -0 W,
a __ a ab C
G, =W —ge C\NMb\NV
a __ a a
W, =0 WS -0 W,
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H U(1) x SU(2),
and where # is invariant under the U(1) x SU(2), gauge transformation
| —Y 1 =Ul 1,—Y 1" =UL
¢——¢'=Up ¢——¢'=Ugp
W) —4W? =W’ +10 ¢ (x)
TW:—LSTW® =UTWU ™" +106T%"(x)

We require that there be only one massless neutral gauge field, the
electromagnetic field A (x) . In general, it will be a linear combination of

W 2and W 3.
(\M/ 3 :
Wuj:(cosew sino,, j[zu\
o= o
~ W, sin®,, cosb,, J{ A, )
/AM] ( cos@, sin@, ](Wuo\

I 3
Z, -sing,, Co0so,, W)
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H U(1) x SU(2),

where 6,, is the Weinberg angle, to be determined by experiments, and
Z, will be a massive neutral gauge field. Using

+ _ 1 1 ¢ 2 + __ 711 s 2
W =L (W!Fiw?) T =T &iT
we can rewrite the covariant derivative in the form
I _
D, =0, + = (T'W, +TW,)
\/E H H
+i(gT33in6\,V + g’tocosew)ﬁl
+i (gT3 cosO,, — g't° sinGW)Z“
Since we want A to be the electromagnetic gauge field, we require

gT°sin@,, + g't’cos0,, =eQ

where, as before, Q is the electric charge matrix (for SU(2), doublets) or
number (for SU(2), singlets) in units of e.
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H U(1) x SU(2),

Since Q=T°+t
then we get e=gsin6, =g’'coso,,
which yields tano,, g_' . g9’
g \/92 4+ grz

The covariant derivative takes the form

D, =0, +=(T"W, +T W, ) +ieQA, +ieQZ,

J2

where the neutral charge matrix is given by
gT°cos0,, —g't’sinod,, =eQ’
of Q' =T’coto,, —t’tan0,,
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H U(1) x SU(2),
We can summarize the quantum numbers as follows:

tr 2 t° g1 g'sin20,

vy 3500 1

(eL) b-3 b L) le2sintoy |
Vg (0] 0] 0] 0] 0

ek (0! 0 -1!-1  2sin?@y |

[‘fj 3331 1-2sin0y
o) 31-41 110} -1

[ o ]%%;%JOL ********** 1
—¢~ ) 31 -3 -3 -1 -1+2sin6,,

t, t3 is for weak isospin and t%is for weak hypercharge
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H U(1) x SU(2), N
Nothing that TW +T W = 0 W“
" olw, 0
we can also write
5 _ 0, +1eq,A, +ieqZ, %igwu+
" %igwu‘ 0, +1eq,A, +ieq;Z,

where g;and g’ are for the corresponding multiplet member
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B Higgs Mechanism

The mass terms are generated by the Higgs mechanism, which leads to
a renormalizable quantum field theory. As before, we consider the case
u? > 0 where we choose the equilibrium point

O 2
Py = (Lj v* = “7 >0
J2
We then expand the scalar field about this equilibrium

(p(X):A nl(x)+in2(x)
2\ v+o(x)+in,(x)
The n fields are the unphysical would-be Goldstone bosons, and can be
eliminated by going to the unitary gauge

o= F5lv-ro(0)

Gauging away the charged ¢* will insure A to be massless.
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B Higgs Mechanism

After symmetry hiding, the Lagrangian density can be written as
b =L+ P, + P+ Py +Z,

where @ = free Dirac spinor matter fields
&, = pure gauge fields
<., = pure Higgs field
Y, = interaction between matter fields and gauge fields
O@; = interaction between Higgs fields and other fields
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B Masses
We first concentrate on obtaining the mass terms. We first obtain

D.¢=D A( : j=A oW, (v+o)
P2\ vro) T V2 0,0+ (ieq, A, +ieq.Z, )(v+o)
Extracting the kinetic ano]IL mass terms from
(Ducp) (D“(p) and —”ﬂ((p)
yields %[% gZVZ\N;W s (6“0)(3“6)
+v*e*(0,A, +0.Z, )(d, A" +9.2") |- 1’6’
Since g, = 0, we obtain no mass term for the photon field, as desired
M, =0
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B Masses

We obtain the kinetic and mass terms

MW, W™ +1(8,0)(8"c) -+ Mo’ +1M2Z 7"
where M\fv =%g2V2
|\/|2 _ezvzqéz 92\2/2 M, _ 1
4¢0s° 0, My,  cosb,,
I\/Iﬁ =2u° = 2v°A
for later use, we note that then
( LigW  (v+o) )
1 V2 ;
D o=— 1eZ
nP =2 0,0 ——=—4 (V-l—G)
. sin 20,, )
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B Masses

The lepton mass terms are extracted from the Yukawa coupling terms,
which now read

%(V i G)[Ce (qeR T8 ) +C, (VLVR + VeV, )} - %(V + G) [Ceée T va\’]

yielding the mass terms m =—-Lvc
—m, vv—m_ee where ' f '

m. =——=VC

e 2 e

The corresponding kinetic terms are readily extracted yielding the free
spinor Lagrangian density

Py = iy*0 I+ Liy*o, |z —m vv—m_ee
|

=§[iy“6“ —me}e+v[iy“a“ —mv]v
=y|iy'0, - M, |y
where we have the lepton mass matrix (m 0 j

M, = 0 m
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B Interactions

. 3 .
Using W _ ( cosb,,  sino, j Z,
WM0 -sin®,, cosO,, )| A,
the pure gauge field Lagrangian density takes the form
— v 1 A% 1 2 1 VA —LV 2 AT —
Py =—5F FY =227 7"+ ZMZZ 7 - FW W + MWW

T QVVV T O@VVVV

where F =A =0 A -0,A
Zw = 8MZV —avzu
+ _ 1 1 —=aar2 )\ + +
Wy =L (WS, FIW2 ) =0 W, -o W,
and the vector boson gauge fields triple and quartic couplings
ZVVV 1 ggabc\N aW pr Ccv
g gabcgarsVV bW cVV ruW Sv
4

zVVVV
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B Interactions
The interaction between the matter fields and the gauge fields is readily

extracted to be ¥ P o P
where DV em neutral charged

ogem = _eALE’YMQIL o ZeA\JEyMQIR = _e'Ah\ij“Q\V
|
L neutral = _eZMILy“Q’IL — Z eZMIRyMQ,IR = _eZM\T’V“Q’\V
I
gcharged = _% gW,;VL’YMeL o % ng_gLyuvL

= ﬁs?ne W,V S (17 e+ W eyt £ (1) v |
W

5

P(TW, +T W, )y 5(1-° )y

_ e
\/Esinew
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B Interactions

Note that this can be also written as
= _'Ah jgm

neutral — =-LZ Jneutral

L

+ IRYYEE"
gcharged W Jcharged Wp Jcharged

where
Jom = €YY Quy
jr?eutral — e\ijMQ’\V
e
Jomarge yT v 5(1-7" )y
narged — o 2sin6,, 2( )
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B [nteractions
The interaction with the Higgs field is extracted
P = Lo + Ly
where %, Is extracted from the Yukawa couplings
Prp =~ C.0B—=C,0VV =—LoyMy
_ t
and %,, is extracted from (Ducp) (D“(p)
— 2 — 2
=(MEW, W™ +1MZZ,7")26(1+4 o)

Finally, the Higgs self interaction is obtained from —%(¢) and is included
In the pure Higgs Lagrangian density

:%(%G)(@“ ) LMo ——I\/|2c73(1+ G)
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B Quarks and Families

We now wish to include
guarks in our classical field
electroweak theory, and
allow for quarks and lepton
family replication. Most of
the development is
straightforward, except for
the emergence of a
difference between gauge
eigenstates and mass
eigenstates.

First we need to extend our
notation to family matrices,

here shown for two families:

eptons:

PHYS506B, spring 2005

V(X :/ve(x)

() \V“(X)j
//VeL(X)\\
(%)= >VeLL((XX))<
“L(X)/)

L n(x) ),
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B Quarks and Families

- -
Quarks: u(x) — u(x)j d(x) _ (d
Note that quarks come in 3 kC(X) S
colours, that is each one of (G (X)\\
the quark symbols on the L
ight i trix i I
S weame a0
C, (X
[ Sred(X) A K\SL(X)))
s(x)=| s (x U (x)) (d- (x
( ) gblue ((X)) qR(X)e ( R( ))’K R( )]
L ) Cr (X)) sg(X)
/(D(X)\\
d(x)
_ |\ Y
q(X) o (C (X)\
\8(x)))
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B Quarks and Families
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B Quarks and Families

In the case of one lepton family, we had

|1 224
_CgYukawa - |:IL ~ PMyvg + C'C':| +|:
which became, in the unitary gauge,
— 1 eV raY ]
~Pyikawa = (1+10)[vm,v+EM_e
In the case of n.families of leptons and quarks, we have

~ P ikawa = [[ 32 5M v + c.c.] + _[ 32 oM!e, + c.c.]
+[ﬁL 32 5M/u,, + C.C.] + [ﬁL 32 oM/ + C.C.]
where the M' are n, x n, complex matrices. In the unitary gauge, this
becomes

~Pyawa = (1+36)| VM v +EM e+ UM, u+dM/d |

It turns out that an arbitrary complex matrix M ' can be diagonalized
with real positive elements using a biunitary transformation

A'MA =M where AA=AA=I

and M is diagonal with real positive elements.

J2
| = opm. e, +c.c.]
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B Quarks and Families

Concentrating on the quark sector, we can write
“ANA T ' - rt T /
EI\/qu —ELMUUR +ERMU u = liLl\/quR +C.C.
dM/d=d M/d, +d.M/'d =d M'd, +c.c.
since M' does not act in Dirac space. There exists 4 unitary matrices
such that -1 _ -1 _
AMA =M, B MiB; =M,
t t t t
AA =AA,=BB =BB; =1
where M, and M, are diagonal with real positive elements. We then set
! -1 ' -1
u —u =AU Uz = Ug = A Ug
’ -1 ’ -1
d —>d =Bd d, > d; =B;d,
such that we obtain
uM/u=u A A"M/A A'u, +c.c.=u/M U, +c.c.=UM U’
dM’d=d'M d

That is the u' and d' fields are mass eigenstates.
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B Quarks and Families

The u and fields are gauge eigenstates, that is they are the ones mixing
In the weak charged current, eg

Jcharged \/_SInG QT+YH%(1—Y5>Q \/_Slne U’Y (1 Y )d

quarks

= : u y'd,

\/E sin 0,
Since U'u'=u0u and d'd =dd
the electromagnetic and neutral currents are not affected by the change
of basis for the fermion fields. We can now redefine u and d to be
mass eigenstates fields, and u' and d' to be the gauge eigenstates

fields. The Lagrangian density after symmetry hiding does not change,
except the charged current, eg

e —r pdr 9) —1Bd
Jarges = Frgino = 5 .ne Wy ABd,

€ i
= u y"d
J2sing, o
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B Quarks and Families

where d =A"'Bd =Vd, VIV =1

V is called the Cabibbo-Kobayashi-Maskawa (CKM) matrix. It can be
shown that the n; X n; unitary matrix V has

3N (n=1) angles
2(n;=1)(n; —2) ind. phases
Similarly we have [

2
} (nf —1) free parameters

;
_ € u
13225%2"] ~ sine, T
After symmetry hiding, we then have the Lagrangian density
=Syt L+ L+ Ly +$I’—I
where the modified terms are
Py = §[iy“c’9u - M,
+0]iy*a, —M
Loy =Leyn t ¥
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B Quarks and Families

where Leom =—AJe

em em
—_ s
gneutral T Zu Jneutral

Zcharged W ; Jcharged Wu_ jc_harged
j:m — el YMQII + equQqq
Jneurar = 17" QI + €07 Qg

Jcharged \/ESiene IT 'Y (1 Y )I+qT y (1 Y )q]

€ B = oA
Jcharged \/ESine _VLy gL +U|_’Y gL_
W

. e _
B _ i i
Jcharged T \/ESin 0 _gLy Vi +gLy uL_
W

d =Vd
e, =Ve
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B Quarks and Families

and =% + Py

where Yo =—+o|EMe+VM v+TUMu+dMd |
Note that if M, = 0O, then e, =€

and there are no differences between neutrino mass and gauge
eigenstates.

PHYS506B, spring 2005 Introduction to Gauge Theories 183



B Free Parameters

We have first considered a classical field theory with one lepton field
family, but with massive neutrino. We identify the following free
parameters, to be determined by experiments:

Before symmetry hiding:
/ 2
g ' g ' ,vl 1 7\‘1 Ce ' Cv

After symmetry hiding:
We can consider the set

e,0\,V,A,m,m,

where
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B Free Parameters

Or we can also consider the set
a,0,,,M,,M,,m,,m

where
OL:Aez: . g2912
41 4t g2_|_gr2
2,2 2 2
M2=_9Y _ 9H M2 = 2v2h = 212

 4c0s?0,, 4Acos? 0,

Note that we also have

2,2 _ g°u” _\/592 _ J2¢?

MZ =1g°v = =

w=a9 Y =TT 78G.  8G.sin’ o,
My 1 V2g°

2 = Ge = 2
M-  cos6,, 8M .,
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B Free Parameters

In the case of n, families, we have
After symmetry hiding:

M, =0 M, =0
a,0,,,M,, M, 4 4
Leptons
|\/Ie nf Ir]f
M, n, 0
A (n —1)’ 0
Quarks
M,, M, 2n, 2N,
V (n-1)° | (n,-2)
TOTAL 2(n?+3) | n(n;+1)+5
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B Free Parameters

Therefore n=2 M, =014
M,=0—->11

n=3 M, %0->24

M, =0->17

Note that other parameters appear in the corresponding quantized

theory!
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B Running Coupling Constant
Consider a dimensionless observable R that depends only on one

physical scale Q. This means that we assume Q >> all masses. From
dimensional scaling, one would expect that R is then a constant
iIndependent of Q. This is not the case in a renormalizable quantum
field theory, where we obtain ,
R = R[Q—Z,a]
L

where pu is the renormalization scale at which the subtraction of
divergences are performed

o IS the renormalized coupling constant used as a basis for a
perturbation expansion of R. It depends on p.

Therefore in general R will depend on Q.

But n is arbitrary, and is not part of the Lagrangian of the theory. Any
observable cannot depend on the choice of u. We can therefore write
the renormalization group equation

n’ diz R(i—z,oc)={u26%12+u2 gs; ;OJR((E—E,Q)zo
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B Running Coupling Constant

2 ) 2
o t=ngE Ble) bl en |- 2 +pla) £ [R50 -0

u

We can solve this equation by introducing a new function o(Q), the
running coupling constant, defined by
Q) dx
t= 2 a(p)=a
joc B(X)

The B(a) functions can be obtained from perturbation theory. They
govern the running of a(Q). From this definition we can obtain

oo (Q 0a(Q) PBla(Q
Do) )

From these we can show that R(1, a(Q)) is also a solution of the
renormalization group equation:

GBS |RLa(Q)=0

This is an important result. It shows that ALL the physical scale Q
dependence of R enters through the running of the coupling constant.
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B Running Coupling Constant

2
That is, one computes R(Qz,cxj to fixed order in perturbation theory.
il

Then setting u = Q and a — a(Q) allows a prediction of the variation of
R with Q; the residual dependence of R on u is at the next order.

Note that only the variation of o with the scale Q is predicted, not the
absolute value of a. The value of a (at a given scale where the theory
IS In the perturbation domain) has to be obtained from experiment.

Another approach (useful in QCD) is to introduce a parameter A
(dimension of energy) that represents the scale at which the coupling
becomes very large

2
1nQ—2 - _J' _dx_
A «(Q) B(x)
Consider the perturbative development of 3(x)

B(x)=-bx* (1+ b’x+O(x2))
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B Running Coupling Constant
If we keep only the leading order we obtain

oL o 1
(x Q — — > — >
Q) 1+bat 1+b0°1n3_2 bin %

We see that oc(u)zoc and oc(A)—>oo

In QED, not including any QCD effect but including the quarks, one
obtains  B(x)=-bx*+0 (X3) where b= —%ieﬁNc

f
and the sum runs over all fermions of charge e; such that m;<< Q << alll

other masses. The number of colours N, is 3 for quarks and 1 for
leptons.

Since b <0, we see that ayp(Q) increases with Q.
Experimentally, therefore, we can obtain o(Q) at vanishing Q.
Setting Q = p = m_we obtain
— — ~ 1
U =0ggp = OL(me) S0

The coupling becomes strong at AQED — mee_%
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B Running Coupling Constant
In this case, we assume Q << all masses except m,, and we have

Al
b=—1 _ QED _ o646 _ 1280
3n
If we consider a very Iargee physical scale Q = M, then
A(9)
b:—%[3+9((%)2+(%)2)}=—% N IS/IED~e8O.7~1035

where we have assumed o(M) = a since it runs very slowly in QED.
We see that a(Q) runs faster with Q if more fermions are included.

So QED is safely in the perturbative domain at all experimentally
reachable energies.

We see that in QED higher order corrections and renormalization
modify the coupling, and hence the electron charge.
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B Running Coupling Constant
For example, in the case of e u scattering, we have the following
Feynman diagrams of order o that modify the electron charge

e e
e e e e- € e
e+ e_ E i : E
M b woo M H
W H
Due to a Ward identity, only the propagator loop diagram contributes to

the modification of the charge. This is true to all order in perturbation.

Thus we see that using the running coupling constant is equivalent to

summing all diagrams with loops in the photon propagator.
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B Running Coupling Constant
Summing all diagrams with detached loops

/\N\z@\/\l\r/\/\mQ\/\!\O\N\f

IS equivalent to using the running coupling constant obtained with
B(x) = —bx?, which is also called the leading order in B(x) or the leading

log o.rder n a(Q). _ The charge felt outside
The increase of a(Q) with Q means the circle is less than 1.

that the effective charge of the electron
Increases with decreasing distance
1/Q. This is attributed to the cloud of

e* e~ around the electron that z
effectively screen its charge. At large G)/@
\

distances _1 . ,’
> Q ~ M, | l
\

the screening felt is maximum, and the | ,’
charge measured is the conventional .
electron charge.

~

N o -—
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B Running Coupling Constant

The inclusion of mass effects is a tricky business. For example, one
obtains (hep-ph-9502298) the leading Iog result

(M) =

14 Y eiN [
where the sum includes all fermlons except the top quark. Using the
PDG average for the mass of each quark, one obtains

o ( M, ) =35> O
So we see that in QED the coupling constant does not run very fast.
In QCD, one obtains B(X) — _px? (1+ b'X + O(X2 ))
where ,_38-2n, ,_ 153-10n
121 2m(33-2n,)

and n; is the number of flavours of quarks that satisfy m, << Q. All other
guark masses are assumed much heavier than Q.
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B Running Coupling Constant

Since b > 0 we see that o(Q) decreases with
Q. This leads to asymptotic freedom. The
coupling becomes very small at large Q
(small distance). Experimentally, one
measures o, at a given scale Q. But since
o(Q) diverges at small Q, it is customary to
seek experimentally the scale A = Agcp at
which o, diverges. We expect A to be of the 9
order of meson and baryon masses.

The positive value of b comes from the gluon
loop contributions. It is a consequence of the
non-abelian SU(3) nature of the colour group.

d d d

The gluons have an antiscreening effect on the colour charge which
Increases at large distances. This is due to the fact that gluons carry
colour.
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B Running Coupling Constant

Since B(X) changes when the scale Q crosses quark mass thresholds, A
must also change A A(nf)

Furthermore, since the perturbation expansion is truncated at some
order, the observable and the definition of A depend on the
renormalization scheme used.

Prescriptions exist on the correspondence between values of A for n;
and n,— 1. The relation between A for different renormalization
schemes can be computed.
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B Running Coupling Constant

Therefore a determination of o, normally proceeds as follows:

* measure an observable with strong interaction effects at a certain
energy scale Q;

= compute the expected observable to a given order in a4(Q)
(choose a renormalization scheme);

= extract o (Q) from data;

= evolve o (Q) to another scale (typically M,) to compare with other
experiments;

= define o (Q) in terms of A;
= extract A from o,(Q) from data;
= convert A to an appropriate renormalization scheme (typically the

modified minimal subtraction scheme) and to an appropriate n,
(typically 4 or 5) to compare with other experiments.
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B Running Coupling Constant

Summary of the values of
os(M,) from various
processes. The values
shown indicate the process
and the measured value of
o extrapolated up to p = M,.
The error shown is the total
error including theoretical
uncertainties.

| I | I I
. .

L T

| Average

Hadronic Jets

. el

e e rates
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e"e event shapes

‘et

., Fragmentation
—_— O

Z width

ep event shapes

Polarized DIS

+

Deep Inelastic Scattf—)ifin%i (DIS)

't decays

Lattice'
e ©

T decay
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B Running Coupling Constant

Summary of the
values of o (Q) at the
values of Q where
they are measured.
The lines show the
central values and the
+1o limits of the PDG U,O 5
average. The figure
clearly shows the

decrease in o with
increasing Q. 0.1
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B Running Coupling Constant
Let us consider G(e+e_ —> hadrons)

G(e+e_ —> u+u_)

An O(a.?) calculation in the modified minimal subtraction scheme gives

2
R<2)(Q—§,as)=R<°> 1+C,—= +C’( nj

1)
where RO _3¥ g2
Zf] :

C =1

C£:C2($)2(33122nfjmg_22+365 11@"‘( c— i;)nf

= brin4:+C, (1), c=1.2021, GC,(1)=141
for n;=5. Here ¢ is ¢(3), where ¢(s Zk -

Remember that o, = a4 (p) is the renormallzed strong coupling constant.
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B Running Coupling Constant

Let us consider the renormalization scale dependence of R at the

leading order in o A (Q—j,oc ): () (:H%j
i S T

At this order in B(x) we have

o, (Q) oL (1)

1+bog (p)In %

Note that this expression is invariant under Q < p.

o (Q)

o, (1) = -, (Q)| L+ bot, (Q)1n & +0(b7ocZ (Q)1n" &

B I
1+ba, (Q)In o
We can therefore write

RY (S—oc) ~RO {1+ %(Q) +%oc§(Q)ln2§—22+--1

T

where the higher terms are of order b*a. (Q)ln2 3—22

Notice that the u dependence occurs at order a 2(Q).
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B Running Coupling Constant
We therefore verify the renormalization group formalism result

R® (S—j,as) _ R® (1, o (Q))

Looking at the next-to-leading order is instructive. We have

4 2
R® (3—&) =R 1+%+cg (O‘—j j
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B Running Coupling Constant

Therefore R? (Q_ZZ o
1l

):R<0> 1+M+Cz(1) (Q) 2+...

S TC TC

where the other terms are of order bo. (Q)an—z2 and bo; (Q)In®
1l
Again we see that the p dependence is at higher order in o(Q).

3:|O
N N

(1,2) Q2 7 : i I 1 I 1 li i ] i T 1 ‘ i 1 i ] 1 1 i :

R (u“ a’s) - | Deviation from QPM result in QCD .

RO -1 (%)E for e'e” total cross—section, S=1000 GeVzé

o F A® (two loop) = 230 MeV. E

- -

We also verify that - =

5t —

2 2 2 - ]

R”(Q—z,ocs):R()(l,Ots(Q)): ]

H - .

As expected, the JE =

renormalization scale - =

dependence is smaller at - :

. P : s H(Ge\/) =

higher order in a.. = | | | 1 ]
3 { 1 ! 1 § 1 | | | | 1 } ! 1 |

0 20 40 60 80 10
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B Running Coupling Constant

A calculation to next-to-next-to-leading order gives (P.D.G.)

R (L0, (Q))=R"

where (3l =1

1+C,

C,=C,(1)=1.41

C,=C,(1)=-12.8

(Q)+C

T

{*

:(Q)

T

il

With all available data in 20 < Q < 65 GeV one obtains
o, (Q =35 GeV) =0.146+0.03

If the third order is not included, the result is 0.142 + 0.03 which

iIndicates that the theoretical uncertainty is smaller than the

experimental error.

Evolving this result to Q = M, using the expression for o (Q) obtained

=(0]

to leading log order with 5 quark flavours (neglecting all other mass

effects), we get 0.125.
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